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Maximum Likelihood Estimation 

and  

Generalized Linear Models
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Probabilistic Interpretation of Linear Regression
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Probabilistic Interpretation of Linear Regression

y(i) = θ⊤x(i) + ε(i)
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https://www.vecteezy.com/vector-art/19483322-slacklining-vector-illustration-design

θ⊤x(i)
ε(i)

y(i)



y(i) = θ⊤x(i) + ε(i)

p (ε(i)) =
1

2πσ
exp − (ε(i))2

2σ2

Assume noise is  
normally distributed  
around model

x

y

p (y(i) |x(i); θ) =
1

2πσ
exp − (y(i) − θ⊤x(i))2

2σ2
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Probabilistic Interpretation of Linear Regression



Likelihood of output given input
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y
L(θ) =

n

∏
i=1

p (y(i) |x(i); θ)

=
n

∏
i=1

1

2πσ
exp − (y(i) − θ⊤x(i))2

2σ2

ℒ(θ) = log L(θ)

= log
n

∏
i=1

1

2πσ
exp − (y(i) − θ⊤x(i))2

2σ2

Log-likelihood

=
n

∑
i=1

log
1

2πσ
exp − (y(i) − θ⊤x(i))2

2σ2

Independent and Identically Distributed (IID)

= n log
1

2πσ
−

1
2σ2

n

∑
i=1

(y(i) − θ⊤x(i))2
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ℒ(θ) = log L(θ)

Maximize Log-likelihood

=
n

∑
i=1

log
1

2πσ
exp − (y(i) − θ⊤x(i))2

2σ2

= n log
1

2πσ
−

1
2σ2

n

∑
i=1

(y(i) − θ⊤x(i))2

Maximize ℒ(θ) Minimize
1
2

n

∑
i=1

(y(i) − θ⊤x(i))2

What if the noise is not Gaussian?



Why not Least Squares in Logistic Regression?

x

y

1

0
y(i)

hθ (x(i))
Probability

P (y = 1 x; θ) = hθ(x)

P (y = 0 x; θ) = 1 − hθ(x)

Probability of output given input

Likelihood!
For Bernoulli Distributed Noise

True label

p(y |x; θ) = (hθ(x))y (1 − hθ(x))1−y

hθ(x)
hθ(x) =

1

1 + e−(θ⊤x)
= σ (θ⊤x)

y = hθ(x)



True label

x

y

1

0
y(i)

hθ (x(i))
Probability

hθ(x) =
1

1 + e−(θ⊤x)
= σ (θ⊤x)

y = hθ(x)

P (y = 1 x; θ) = σ(θ⊤x)

P (y = 0 x; θ) = 1 − σ(θ⊤x)
p(y |x; θ) = (σ(θ⊤x))y (1 − σ(θ⊤x))1−y

Probability of output given input

Likelihood!

hθ(x)

Why not Least Squares in Logistic Regression?

For Bernoulli Distributed Noise



Bernoulli Distribution

https://en.wikipedia.org/wiki/Bernoulli_distribution



p(y |x; θ) = (hθ(x))y (1 − hθ(x))1−y
Likelihood

Define Log-likelihood

L(θ) =
n

∏
i=1

p (y(i) |x(i); θ)

for all  pair(x, y)

=
n

∏
i=1

hθ (x(i))y(i)

(1 − hθ(x(i))1−y(i)

ℒ(θ) =
n

∑
i=1

y(i) log hθ (x(i)) + (1 − y(i)) log (1 − hθ (x(i)))

log



Maximize Log-likelihood

ℒ(θ) =
n

∑
i=1

y(i) log hθ (x(i)) + (1 − y(i)) log (1 − hθ (x(i)))

Update rule?

while not converged:

θj := θj + α
∂ℒ(θ)

∂θj

for t = 1…T:

θj := θj − α
n

∑
i=1

(hθ (x(i)) − y(i)) x(i)
j

for all parameters :j

Gradient Descent

Derive



Maximize Log-likelihood

ℒ(θ) =
n

∑
i=1

y(i) log hθ (x(i)) + (1 − y(i)) log (1 − hθ (x(i)))

Update rule

while not converged:

θ := θ + α∇θℒ(θ)

for t = 1…T:

θ := θ − α
n

∑
i=1

(hθ (x(i)) − y(i)) x(i)

Gradient Descent

Derive

🤔Same as linear regression🤯



Generalized Linear Models

Gaussian Distribution

Bernoulli Distribution

Update rule

θ := θ − α
n

∑
i=1

(hθ (x(i)) − y(i)) x(i)

Linear Regression

Logistic Regression

Are there other distributions that lead to the same update rule?



Parameters

Exponential Family
Family of distributions for which we can derive the same update rule

•  is called the base measure (not depend on )


•  is called the log partition function (not depend on )


• ,  and  are scalar.  and  have the same dimensions.

b(y) η

a(η) y

a(η) y b(y) η y

p(y; η) = b(y) exp {η⊤y − a(η)}
Data

Assumption:  is an exponential familyp(y |x; θ)



a(η)η

Example 1: Bernoulli Distribution -> Logistic Regression

p(y; η) = b(y) exp {η⊤y − a(η)}
Data

Natural Parameters

p(y; ϕ) = ϕy(1 − ϕ)1−y

Bernoulli Distribution

= exp {y log
ϕ

1 − ϕ
+ log(1 − ϕ)}

Show that term  
is only a function of η



b(y) a(η)η

Example 2: Gaussian Distribution -> Linear Regression

p(y; η) = b(y) exp {η⊤y − a(η)}
Data

Natural Parameters

p(y; μ) =
1

2π
exp {−

1
2

(y − μ)2}
Gaussian Distribution

=
1

2π
e−y2/2 {μy −

1
2

μ2}



Why do we care?

p(y; η) = b(y) exp {η⊤y − a(η)}
Data

Natural Parameters

Inference is Easy: E[y; η] =
da(η)

dη
Var[y; η] =

d2a(η)
dη2

Learning is Easy: Maximum Likelihood Estimation leads to convex problem in  η

θ⊤x



Generalized Linear Models
Assumption:  is an exponential familyp(y |x; θ)

Counts  Poisson→
Positive Real  Gamma, Exponential→
Distributions  Dirichlet→

Data Type  Probability Distribution→

Real  Gaussian→ Linear Regression

Binary  Bernoulli→ Logistic Regression



Generalized Linear Models
Assumption:  is an exponential familyp(y |x; θ)

The natural parameter is linear in the inputs

η = θ⊤x

Predictor is a natural consequence

hθ(x) = E[y |x; θ]



Generalized Linear Models
Assumption:  is an exponential familyp(y |x; θ)

Data Input

x θ⊤x

Linear Model

max
θ

log(p(y |x; θ))
Learning

E[y |x; θ]
Inference

a(η)
η

b(y)

Exponential Model

⋮

η

Update Rule: θ := θ − α
n

∑
i=1

(hθ (x(i)) − y(i)) x(i)



Terminology

Model parameter

θ

θ⊤x
Natural parameter

η

Logistic Regression:

g−1

Canonical parameter

ϕ (Bernoulli)

Canonical response 
a.k.a inv. link function

hθ(x) = E[y |x; θ] ϕ =
1

1 + e−η
=

1
1 + e−θ⊤x

hθ(x)



Evaluation Metrics

https://en.wikipedia.org/wiki/Precision_and_recall



Precision and Recall

https://en.wikipedia.org/wiki/Precision_and_recall



Precision and Recall

https://en.wikipedia.org/wiki/Precision_and_recall



Accuracy and Precision

https://en.wikipedia.org/wiki/Precision_and_recall


