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Logistic Regression



Given new input, what’s the output?
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Given new input, what’s the output?

x

y

y = h(x)

Assuming y ∈ ℝ
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What if  is a label?y

y = h(x)
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What if  is a label?y

y = h(x)
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Given the data, 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that predicts , given 
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A step function, or threshold



What if  is a label?y

Given the data, 
find a function ,  

that predicts , given 
h
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What if  is a label?y
y = hθ(x)
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hθ(x) =
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1 + e−(θ0 + θ1x)
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y =
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1 + e−x

Logistic Function



What if  is a label?y
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A smooth function that returns 
probability of occurrence
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Probability

hθ(x) =
1

1 + e−(θ⊤x)

y = hθ(x) y ∈ [0,1]&

Where  θ⊤x = θ0 + θ1x1 + θ2x2 + …

θ = [θ0, θ1, …]
x = [x0, x1, …]



What if  is a label?y
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Probabilityhθ(x) =
1

1 + e−(θ⊤x)

y = hθ(x) y ∈ [0,1]&

1. Define a predictor: the logistic function ✅


2. Define a loss: distance between function and data ❓


3. Optimize loss 

4. Test model



How do we pick the best parameters  ?θ

hθ(x) = θ⊤x =
d

∑
i=0

θi xi
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distance (hθ (x(i)), y(i))

Cost function

J(θ) =
1
2

d

∑
i=1

(hθ (x(i)) − y(i))
2

hθ (x(i)) − y(i)

(hθ (x(i)) − y(i))
2

=
1
2

d

∑
i=1

(θ⊤x(i) − y(i))2

Ordinary least squares



Logistic Regression
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hθ(x) =
1

1 + e−(θ⊤x)
= g (θ⊤x)

y = hθ(x)

distance (hθ (x(i)), y(i))
y(i)

hθ (x(i))

Linear predictor 
negative log-likelihood or OLS

J(θ) =
1
2

d

∑
i=1

(hθ (x(i)) − y(i))
2

ℒ(θ) =
n

∑
i=1

y(i) log hθ (x(i)) + (1 − y(i)) log (1 − hθ (x(i)))

Logistic predictor 
Binary-cross entropy loss

Gradient descent  Done!→
Compute gradient ∇ℒ(θ)



Logistic Regression
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1 + e−(θ⊤x)
= g (θ⊤x)

y = hθ(x)

distance (hθ (x(i)), y(i))
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hθ (x(i))

Why not use an ordinary least squares loss?

Linear predictor 
negative log-likelihood or OLS

J(θ) =
1
2

d

∑
i=1

(hθ (x(i)) − y(i))
2



Why not use an ordinary least squares loss?



𝒩 (0, σ2)
Normally distributed
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Probabilistic Interpretation of Linear Regression

y(i) = θ⊤x(i) + ε(i)Assume noise is  
normally distributed  
around model

x

y

p (ε(i)) =
1

2πσ
exp − (ε(i))2

2σ2



Probabilistic Interpretation

y(i) = θ⊤x(i) + ε(i)

p (ε(i)) =
1

2πσ
exp − (ε(i))2

2σ2

Assume noise is  
normally distributed  
around model
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p (y(i) |x(i); θ) =
1

2πσ
exp − (y(i) − θ⊤x(i))2

2σ2

𝒩 (0, σ2)
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Likelihood of output given input
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L(θ) =

n

∏
i=1

p (y(i) |x(i); θ)

=
n

∏
i=1

1

2πσ
exp − (y(i) − θ⊤x(i))2

2σ2

ℒ(θ) = log L(θ)

= log
n

∏
i=1

1

2πσ
exp − (y(i) − θ⊤x(i))2

2σ2

Log-likelihood

=
n

∑
i=1

log
1

2πσ
exp − (y(i) − θ⊤x(i))2

2σ2

Independent and Identically Distributed (IID)

= n log
1

2πσ
−

1
2σ2

n

∑
i=1

(y(i) − θ⊤x(i))2
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ℒ(θ) = log L(θ)

Maximize Log-likelihood

=
n

∑
i=1

log
1

2πσ
exp − (y(i) − θ⊤x(i))2

2σ2

= n log
1

2πσ
−

1
2σ2

n

∑
i=1

(y(i) − θ⊤x(i))2

Maximize ℒ(θ) Minimize
1
2

n

∑
i=1

(y(i) − θ⊤x(i))2

What if the noise is not Gaussian?



True label

Why not Least Squares?
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Probability

hθ(x) =
1

1 + e−(θ⊤x)
= g (θ⊤x)

y = hθ(x)

p(y |x; θ) = (hθ(x))y (1 − hθ(x))1−yP (y = 1 x; θ) = hθ(x)

P (y = 0 x; θ) = 1 − hθ(x)

Probability of output given input

Likelihood!
For Bernoulli Distributed Noise



Bernoulli Distribution



p(y |x; θ) = (hθ(x))y (1 − hθ(x))1−y
Likelihood

Define Log-likelihood

L(θ) =
n

∏
i=1

p (y(i) |x(i); θ)

for all  pair(x, y)

=
n

∏
i=1

hθ (x(i))y(i)

(1 − hθ(x(i))1−y(i)

ℒ(θ) =
n

∏
i=1

y(i) log hθ (x(i)) + (1 − y(i)) log (1 − hθ (x(i)))

log



Maximize Log-likelihood

ℒ(θ) =
n

∏
i=1

y(i) log hθ (x(i)) + (1 − y(i)) log (1 − hθ (x(i)))

Update rule

while not converged:

θj := θj + α
∂ℒ(θ)

∂θj

for t = 1…T:

θj := θj − α
n

∑
i=1

(hθ (x(i)) − y(i)) x(i)
j

for all parameters :j

Gradient Descent

Derive

ℒ(θ)
∂θj

= (hθ (x(i)) − y(i)) x(i)
j



Base Code Snippet



Scikit-Learn Code Snippet



Example


