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Gaussian Mixture Models
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How to find ?μ1, μ2, Σ1, Σ2
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Modeling data as a Mixture of Gaussians

p(x)

μ1 μ2

Observations: x(i) ∈ ℝ

Find μ1, μ2, σ1, σ2
• Data is modeled by mixture of gaussians:  
• We know how many gaussians we need

𝒩 (μi, σ2
i )

Assume:
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Modeling data as a Mixture of Gaussians

p(x) Observations: x(i) ∈ ℝ Find μ1, μ2, σ1, σ2

Given: , and : number of clustersx(1), x(2), x(3), …, x(n) k > 0

P (z(i) = j)Find Soft Assignment

Probability that point  belongs to cluster i j
 is not directly observed: Latent variablez(i)



P(z(i)) = Multinomial (ϕ)
P (x(i) |z(i) = j) = 𝒩(μj, σ2

j )
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Gaussian Mixture Model

 Observations: x(i) ∈ ℝ
Num. of Clusters:  clustersk > 0
Soft assignments: z(i)

P (x(i), z(i)) = P (x(i) |z(i)) P (z(i))
k

∑
i=1

ϕk = 1
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Intuition: if one were to ‘create’ the data

μ1 = 1 μ2 = 3

σ1 = 1.3 σ2 = 1.6

ϕ1 = 0.3

ϕ2 = 0.7
Sample

𝒩 (μ1, σ2
1)Sample x(i)

𝒩 (μ2, σ2
2)Sample x(i)



Expectation-Maximization (EM) Algorithm

xμ1 μ2

E-Step: Guess  given . Compute z(i) ϕ, μ, σ P (z(i) |x(i); ϕ, μ, σ)
M-Step: Estimate  using Maximum Likelihood Estimation ϕ, μ, σ



Expectation Step

E-Step: Guess  given z(i) ϕ, μ, σ

P (z(i) = j |x(i); ϕ, μ, σ) =
P (z(i) = j, x(i))

P (x(i))

=
P (x(i) |z(i) = j) P (z(i) = j)

P (x(i))

=
P (x(i) |z(i) = j) P (z(i) = j)

∑k
s=1 P (x(i) |z(i) = s) P (z(i) = s)

w(i)
j ≡



ϕs

ϕj

𝒩 (μs, σ2
s )

𝒩(μj, σ2
j )

P (z(i) = j |x(i); ϕ, μ, σ)

=
P (x(i) |z(i) = j) P (z(i) = j)

∑k
s=1 P (x(i) |z(i) = s) P (z(i) = s)

w(i)
j =

Expectation Step

E-Step: Guess  given z(i) ϕ, μ, σ



Maximization Step

M-Step: Given  estimate P (z(i) = j) ≡ w(i)
j ϕ, μ, σ

ℓ(ϕ, μ, Σ) =
n

∑
i=1

log P(x(i); ϕ, μ, σ)

Maximum Likelihood Estimation

=
n

∑
i=1

log
k

∑
z(i)=1

P(x(i) |z(i); μ, σ) P(z(i); ϕ) .

=
n

∑
i=1

log p(x(i) |z(i); μ, σ) + log p(z(i); ϕ) if  is knownz(i)



Maximization Step

M-Step: Given  estimate P (z(i) = j) ≡ w(i)
j ϕ, μ, σ

If  were known  Gaussian Discriminant Analysisz(i) →

ϕj =
1
n

n

∑
i=1

1{z(i) = j}

μj =
∑n

i=1 1{z(i) = j}x(i)

∑n
i=1 1{z(i) = j}

Σj =
∑n

i=1 1{z(i) = j}(x(i) − μj)(x(i) − μj)T

∑n
i=1 1{z(i) = j}

x2

x1
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x(3)

𝒩 (μ2, Σ2)𝒩 (μ1, Σ1)



Maximization Step

M-Step: Given  estimate P (z(i) = j) ≡ w(i)
j ϕ, μ, σ

Since  is not known, we use soft assignments instead:z(i)

ϕj =
1
n

n

∑
i=1

w(i)
j

μj =
∑n

i=1 w(i)
j x(i)

∑n
i=1 w(i)

j

Σj =
∑n

i=1 w(i)
j (x(i) − μj)(x(i) − μj)T

∑n
i=1 w(i)

j



EM Algorithm Summary

ϕj =
1
n

n

∑
i=1

w(i)
j

μj =
∑n

i=1 w(i)
j x(i)

∑n
i=1 w(i)

j

Σj =
∑n

i=1 w(i)
j (x(i) − μj)(x(i) − μj)T

∑n
i=1 w(i)

j

M-Step: Estimate ϕ, μ, Σ

ϕs

w(i)
j =

P (x(i) |z(i) = j) P (z(i) = j)
∑k

s=1 P (x(i) |z(i) = s) P (z(i) = s)

ϕj

𝒩 (μs, Σs)

𝒩(μj, Σj)

E-Step: Estimate w(i)
j

Iterate



Generate Synthetic Data



Initialize Parameters



Expectation-Minimization Updates

ϕs

w(i)
j =

P (x(i) |z(i) = j) P (z(i) = j)
∑k

s=1 P (x(i) |z(i) = s) P (z(i) = s)

ϕj

𝒩 (μs, Σs)

𝒩(μj, Σj)

ϕj =
1
n

n

∑
i=1

w(i)
j

μj =
∑n

i=1 w(i)
j x(i)

∑n
i=1 w(i)

j

Σj =
∑n

i=1 w(i)
j (x(i) − μj)(x(i) − μj)T

∑n
i=1 w(i)

j


