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Given new input, what’s the output?

x y
x(1)

x(2)

x(3)

x(4)

y(1)

y(2)

y(3)

y(4)

…
.. …
..

Input Output

x

y

?

xqQuery ??
xq

yq

Prediction



Linear Regression
1. Assume a linear hypothesis

x

y

xnew

ypred

2. Cost function

J(θ) =
1
2

d

∑
i=1

(hθ (x(i)) − y(i))
2

hθ(x) = θ⊤x =
d

∑
i=0

θi xi

for  = 1…n:i

SGD

θ := θ − α (hθ (x(i)) − y(i)) x(i)

for t = 1…T:

θi := θi − α
∂J(θ)
∂θi

3. Minimize: Gradient Descent

̂θ

y = h ̂θ(x)
4. Optimal predictor

ypred = h ̂θ(xnew)
5. Predict unseen data



Given new input, what’s the output?
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Linear Interpolation

x y
h

Given the data, 
find a function , also called a hypothesis, 

that predicts an output, given an input
h

h



Given new input, what’s the output?
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Polynomial Interpolation

x y
h

Given the data, 
find a function , also called a hypothesis, 

that predicts an output, given an input
h



Given new input, what’s the output?
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Some other function?

x y
h

Given the data, 
find a function , also called a hypothesis, 

that predicts an output, given an input
h



How do you choose the hypothesis?
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xq

yq

Some other function?

x y
h

Given the data, 
find a function , also called a hypothesis, 

that predicts an output, given an input
h



What happens if we have more inputs?

x y
h

Assume a linear hypothesis

hθ(x) = θ0 + θ1x1 + θ2x2 + θ3x3 + …

hθ(x) = [θ0, θ1, θ2, θ3, …] ⋅ [1, x1, x2, x3, …]

x1 x2 y
x(1)

1

x(2)
1

x(3)
1

x(4)
1

x(1)
2

x(2)
2

x(3)
2

x(4)
2

y(1)

y(2)

y(3)

y(4)

…
..

…
..

…
..

Inputs Output

hθ(x) = θ ⋅ x = θ⊤x

θ x
weights inputs



You have the following map for each apartment. What is ?x

https://www.researchgate.net/figure/A-floorplan-of-a-single-family-house-all-dimensions-in-meters_fig3_302981919



Feature Engineering

x

y

xq

yq

Some other function?

 is does not have to be linear in h x

hθ(x) = [θ0, θ1, θ2, θ3, …] ⋅ [1, x, x2, x3, …]

hθ(x) = θ0 + θ1x + θ2x2 + θ3x3 + …

hθ(x) = θ⊤ϕ(x)

θ ϕ(x)
Feature map

Example: construct a polynomial model
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Feature Engineering

x

y

xq

yq

Some other function?

 is does not have to be linear in h x

hθ(x) = [θ0, θ1, θ2, θ3, …] ⋅ [1, x, x2, x3, …]

hθ(x) = θ0 + θ1x + θ2x2 + θ3x3 + …

hθ(x) = θ⊤ϕ(x) = θ0ϕ0(x) + θ1ϕ1(x) + θ2ϕ2(x) + …

θ ϕ(x)
Feature map

Example: construct a polynomial model

x y
x(1)

x(2)

x(3)

x(4)

y(1)

y(2)

y(3)

y(4)

… …

Input Output



Feature Engineering

x

y

xq

yq

Some other function?

A feature map can also drop features

hθ(x) = θ1x + θ3x3

hθ(x) = θ⊤ϕ(x)

hθ(x) = [θ1, θ3] ⋅ [x, x3]

ϕ(x) Feature map

Example: construct a polynomial model



How to choose ?ϕ(x)

x

y

x

y

x

y

ϕ(x) = [1, x] ϕ(x) = [1, x, x2] ϕ(x) = [1, x, x2, x3, …]

Underfitting Just right Overfitting
High Bias High Variance

How to optimize over ϕ(x)



How can we tell if  is good?ϕ( ⋅ )

x

y

The purpose of Machine Learning is to Generalize to unseen data

x

y

x

yHold out set

Create a test set 
to evaluate model ϕ(x) = [1, x, x2] ϕ(x) = [1, x]

Small Loss 
on test set

Large Loss 
on test set



How do we tell that  is good?ϕ( ⋅ )

x

y

Define objective functions for each subset

Test Set

Create a Test set to evaluate model

Jtrain(θ) =
1

2dtr

dtr

∑
i=1

(θ⊤ϕ(x(i)) − y(i))2

Jtest(θ) =
1

2dtt

dtt

∑
i=1

(θ⊤ϕ(x(i)) − y(i))2

Training 
Set

Test 
Set

dtr dtt

Split data:



Variance Bias Trade-off
Error as a function of complexity

Loss

Complexity

Jtest(θ)

Jtrain(θ)

ϕ(x) = [1, x] ϕ(x) = [1, x, x2, x3, …]
# parameters

Generalization Gap
Jtest(θ) − Jtrain(θ)



Variance Bias Trade-off
Error as a function of complexity

Loss

Complexity

Jtest(θ)

Jtrain(θ)

ϕ(x) = [1, x] ϕ(x) = [1, x, x2, x3, …]
# parameters

Generalization Gap
Jtest(θ) − Jtrain(θ)

# Param. = # Data



Double Descent
Model-wise

Test 
Loss

Complexity

Jtest(θ)

Jtrain(θ)

# Params. 
= # Data # Params.



Decomposition of Test Error

• Test error can be written as


Jtest(θ) ∼ Bias2 + Variance

Loss

Complexity

Jtest(θ)

Bias2

Variance



Decomposition of Test Error
See derivation in Section 8.1.1

• Draw a training dataset  such that  
where 


• Train a model on the dataset, denoted by 


• Take a test example  such that  where  and 
measure the expected test error (averaged over the random draw of the 
training set  and the randomness of )


S = {x(i), y(i)}n
i=1 y(i) = h*(x(i)) + ξ(i)

ξ(i) ∼ 𝒩(0,σ2)

ĥS

(x, y) y = h*(x) + ξ ξ ∼ 𝒩(0,σ2)

S ξ

MSE(x) = 𝔼S,ξ [(y − ĥS(x))2]



Decomposition of Test Error for square loss
See derivation in Section 8.1.1

<latexit sha1_base64="XQBcVqfZM1ZeuiAjh3VCuE/89YQ="></latexit>
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2
i

= �2 + E
h
(h⇤(x)� ĥS(x))
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Other Hyperparameters
 is not the only unknown parameter over which we want to optimize ϕ

• : Number of Epochs


• : Step size


• : Feature vector

T

η

ϕ



Optimize over  and other hyperparametersϕ

Training 
Set

Test 
Set

Choose Feature Vector: ϕ(x)

T η

 Choose 
Hyperparameters

Jtest( ̂θ)

Evaluate

x
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x

y Visualize Training Set

What’s the problem with this workflow?

Optimize

Jtrain(θ)

θ0

θ1

Unsatisfied

Pick  with best ̂θ Jtest
Satisfied



How do we tell that  is good?ϕ( ⋅ )

x

y

Define objective functions for each subset

Test set

Test set: evaluate model at the end  
of hyperparameter optimization 
 
Validation set: evaluation model during  
hyperparameter optimization

Jtrain(θ) =
1

2dtr

dtr

∑
i=1

(θ⊤ϕ(x(i)) − y(i))2

Jval(θ) =
1

2dval

dval

∑
i=1

(θ⊤ϕ(x(i)) − y(i))2

dtr dtt

Split data:

Training 
Set

Test 
Set

Validation 
Set

dval

Jtest(θ) =
1

2dtt

dtt

∑
i=1

(θ⊤ϕ(x(i)) − y(i))2

Validation set



not satisfied

Choose Feature Vector: ϕ(x)

satisfiedJtest( ̂θ) T η

Hyperparameter 
Tune

Jval( ̂θ)

Evaluate

x
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x

y Visualize

What happens if you’re not satisfied  
with ?Jtest(θ)

Optimize

Jtrain(θ)

Machine Learning workflow - Cross Validation

Training 
Set

Test 
Set

Validation 
Set

Can we automate feature extraction?



Remedies to Overfitting
Practical tips to decrease overfitting

• Make the model simpler if it’s overfitting, and more complex if it’s underfitting


• Recursive Feature Elimination: start with all features and drop them one by one 
while tracking the loss


• Get rid of features that you think are irrelevant in predicting the desired output


• Add a regularization term that makes the hypothesis class smaller

Jreg(θ) = J(θ) + λ R(θ)



Regularization
Force fitting parameters to be smaller - ‘shrink’ hypothesis class

Jreg(θ) = J(θ) + λ R(θ)

x

y

hθ(x) = 100.2 + 50.6x + 70.4x2 + 1345x3 + 200.3x4

L2 Regularization

R(θ) = ∥θ∥2

hθ(x) = .1 + 5.2x + 7.4x2 + .05x3 + 2.3x4

L1 Regularization

R(θ) = ∥θ∥1

hθ(x) = 5.1x + 7.2x2 + 3.3x4

Regularized

Smaller coefficientsLess coefficients



L2 Regularization

θ1

θ0

̂θ

R(θ) = ∥θ∥2 = (θ2
0 + θ2

1 + …)
1
2



θ1

θ0

̂θ

L1 Regularization

R(θ) = ∥θ∥1 = |θ0 | + |θ1 | + …



Create synthetic data
https://colab.research.google.com/drive/1tmEpFvxScWT0-2zzbkJtYxBrcDp2x5aH?usp=sharing



Feature engineering (design matrix)



Shuffle and split



Visualize (training set)



Define cost function and Gradient Descent
Cost function

Gradient Descent Update

Gradient Descent Function



Plot result



Plot result
Train and Test loss Comparison


