Deep Learning



The ML workflow
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How do | choose the feature vector?

o(x)=11,z,...,7]

o(x) = [1, z

% / ¢(x) [1, T, T mg}

¢(x) =11, x, sin(3x)]
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How do | choose the feature vector?

Boat




Linear Predictor

fw(x) — X W

W = [WI’ Wz, W3, W4]

Network Representation

X = [.xl, .X2, XB, X4]
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Linear Predictor

2 outputs?
P 3 * 2 fitting parameters
Y1 = W X = WX+ WXy + WisX3
—> A
Yo = Wy« X = Wy X| T+ WpoXy + W)3X3
X A
Matrix form
A xl
[M] B [Wn W12 W13] X
s 1w W W
Vs 21 22 % X5

yo= W X



From Matrix to Network

Matrix Representation Network Representation

Account for Bias: 1 =

~ X1
[M] B [Wn W12 W13] X
S 1 [Iwyy Wy W '
Y, 21 Wi W3 I
y = \%Y% X

Index notation

n
Yi = Z Wik
J=1



Linear Predictor - Explicit Bias

Matrix Representation

Network Representation
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Linear Predictor

X b

\ W
| - |+

m X 1 m X 1
Number n X 1
of outputs Number Some formulations explicitly account for b,
of inputs while others include the bias as part of X

Here we omit b for simplicity of representation



Nonlinear Predictor

Logistic function: a'(g[;) —

ReLU:  o(x) = xH(x)

Activation Function



Neural network

Nonlinear Linear Nonlinear Linear



Neural network
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Hidden layer

Can be interpreted
as a learned ¢(x)



Deep network




Why deep learning?

Feature learning

Lee, Honglak, et al. "Unsupervised learning of hierarchical representations with convolutional deep belief networks." Communications of the ACM 54.10 (2011)



Loss function

fwlwz(x) = W, 6 (Wx)

Ly Wi W) = | fiv,w,(0) —y

Stochastic gradient descent update

Wl < Wl — aVng(X, Y, Wl’ Wz)
W2 < W2 — aVWzg(X, Y, Wl’ Wz)

How do we calculate the gradients?



Approach

Training loss

] < N
LW, Wy ==Y LD, y0 W, W,)
& =1

Objective

W,,W, = arg min Z(W,;, W,)
WI’WZ

Optimal predictor
fWIVAVZ(X) = W,o(Wx)



Non-convexity

W,,W, = arg min L(W,, W,)
W19W2

Linear predictor loss Neural network loss







7zl = Wlllx 4 pl!
vl = G(Z[l])
712l = W2yl ¢ pl2]

vi2l = G(Z[Z])

2131 — WBIy[21 4 pI3]
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Hypothesis

211 — Willx 4 pl1!

vt = gzl

2121 — W2yl 4 pl2]

vi2l = (2]

A\

y = fwiwizws (X)

2131 — WBly[2] 4 p13]

Vi3l = (23]

Loss (Binary output): Z3,y) = — Z yOlog 39 + (1 — y?) log(1 — W)
=1



Gradient Descent Hypothesis

Update the i"” layer: 7zl = Wlllx 4 pli]
: 07 | vill = 6zl

wll = wlid — 4 |
w IWIi] 2121 — WLl 4 pl2]
2] — (y[2]

blil = plil — 4 0-Z Ve =o(z)

obtl 231 — WBIy2] & pi3]

§ = o)

What are the gradients?



What are the gradients?

L@y =— ) yPlog$? + (1 —y?) log(1 — $7)
=1

0 0% 0y o0z"

OWBI 95 0z13) oWBI

0 0L 0y oz ovlHl ozl

oW1 09 9zB3] ovi2l ozl2 W2l

0F  0Z 0y o02P! oviHl ozl

obl2] ay 0zl31 ovl2l ozl2] gbl2]

Hypothesis
Z1 — Willg 1 pll]

vl = G(Z[l])

2121 — W2yl 4 pl2]

vi2l = G(Z[Z])

2131 — WBIy[21 4 p13]
9 = o(z"))



What are the gradients? Hypothesis

L@.y) == ) yPlog$? + (1 — y¥) log(1 — 5?) 7111 = Wlllx + pl!]

=1
vl = G(Z[l])
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Hypothesis

oWbBl gy ozl3] oWl 2111 — Willx 4 pl!]
vl = G(Z[l])
0Z .
— ==y —+ (1 = yV)—— 2] — Wlyl1] 4 pl2!
0y PO 1 — 9@ 2z = WElv i 4+ b
2] — ;(712]
P vl = o(z2')
— = o/) = o(z¥)(1 - o(z)
9// 7131 — WBIyI2l 4 pl3]
3 A
oz — V[2]T Y= G(Z[S])
OWI3]
SGD Update
0L — (y(i) _ A(i))v[2]T — 5 WBl=wBI_ 4 i
oW 3] oW!I3]
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common terms across gradients

Can we save the gradients to be reused
for computing other gradients?



Computation graphs




Chain rule




Backpropagation

L(x,y, W1, Ws) = [0(Wy0(W:1x)) - y|

Vw1£:2W2TR®y®(1—y)®V@(1—V)XT

Vw,L=2ROy0O (1-9)v'
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assuming O(:U)



